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Some aspects of vortex dynamics theories are critically examined. The discussion is placed in the 
context of experiments on the Josephson- Anderson effect and on the Hall anomaly in the mixed 
state. 
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I. INTRODUCTION 

One of all time beautiful examples of physical theo- 
ries motivated by logical consistency is Dirac's theory of 
relativistic quantum electrodynamics: The void in the 
filled Fermi sea led Dirac to predict a new particle, later 
called positron. The influence of its success is now on all 
branches of modern physics. Another beautiful example 
is Abrikosov's vortex lattice theory, inferred as a very 
natural consequence, in the hindsight, of the Ginzburg- 
Landau theory. Beautiful theories can also be obtained 
at the opposite end, by careful consideration and criti- 
cal analysis of experimental data. One of the all time 
such examples is the Bardeen-Cooper-Schrieffer theory 
of superconductivity. Again, its influence is now on all 
branches of modern physics. 

Daily theoretical physicists' activities are usually be- 
tween those two extremes. For example, by combining 
limited experimental data with theoretical insights, dif- 
ficult aspects of the vortex dynamics puzzle were solved 
by Nozieres and Vinen 1 and by Bardeen and Stephen 2 
in the 1960's. Those works are such elegant illustrations 
that all researchers interested in vortex dynamics field 
should study them carefully. 

As we marvel at those achievements, uneasiness has 
been accumulated. While the vortex friction in the 
Bardeen-Stephen work appears to be largely consistent 
with experimental data, the transverse force in the 
Nozieres- Vinen work seems not. To be precise, if viewing 
vortex dynamics in real superconductors as the same of 
independent vortices, that is, no correlation among vor- 
tices, the Nozieres- Vinen work would predict a large Hall 
angle. Experimentally, however, the Hall angle is usually 
small. More puzzling is that the Hall angle can change 
sign, sometimes even more than once. In the early 1970's, 
it became clear that those experimental data were real, 
not experimental errors. This pronounced and apparent 
discrepancy between theory and experiment is hence the 
famous Hall anomaly in the mixed state of superconduc- 
tors. Similar discrepancies have been observed in neutral 
superfluids. 

In order to resolve this Hall anomaly, even after 
it had been shown by Ao and Thouless, and their 
coworkers 3 ' 4 that based on the microscopic theory and 
global topological analysis the total transverse force on 
an individual vortex is indeed large, the large transverse 
force in the Nozieres- Vinen work has been questioned. 
Subsequently it has been concluded by a large group of 



eminent theorists that the total transverse force on a sin- 
gle moving vortex must be usually small and occasionally 
changes sign. Various independent vortex dynamics the- 
ories have been developed during the past 30 years. Such 
efforts have been conveniently summarized in two recent 
reviews 5,6 . It is clear, nevertheless, that despite those in- 
genious efforts to fit experimental data, the Hall anomaly 
still remains an 'anomaly' in the light of those indepen- 
dent vortex dynamics theories. What goes wrong? 



II. FOUR MATHEMATICAL INCONSISTENCIES 

A careful examination of those theories reveals that 
there are two types of errors in those theories in Ref's.[ 
5, 6]. The first type lies in physics: The vortex many- 
body correlations are completely absent in their explana- 
tions of Hall anomaly by independent vortex dynamics 
theories. The hint to correct this independent particle 
dynamics error is in fact already implied in the work 
of Dirac and Abrikosov but absent in those independent 
vortex dynamics theories, to which I will come back later. 
The second type of errors lies in mathematics: In order to 
fit experimental data on Hall anomaly, the mathematical 
consistency in those theories has been severely compro- 
mised. This ignorance of mathematical consistency goes 
also against the spirit of Dirac and Abrikosov. Let me 
explain the mathematical inconsistencies in those inde- 
pendent vortex dynamics theories first. 

A further close analysis of those theories suggests that 
the mathematical inconsistencies in those independent 
vortex dynamics theories may be classified into four dif- 
ferent categories. 



A. Misuse of the relaxation time approximation 

The most subtle inconsistency is the relaxation time 
approximation employed by Kopnin and his co-workers 
(Kopnin and Kratsov, JETP Lett. ,1976; Kopnin and 
Lopatin, Phys. Rev. B, 1995; van Otterlo, Feigelman, 
Geshkenbein, Blatter, Phys. Rev. Lett., 1995; docu- 
mented in Ref.[6]). This type of mistakes frequently oc- 
curs in the force-balance type calculation of transport 
coefficients, which was already noticed at least by Green 
in the 1940's and has been extensively discussed by Kubo. 
Unfortunately, as Kubo remarked in his coauthored fa- 
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mous book on statistical physics, in the literature such 
error repeatedly appears in different disguises. 

It would be very attempting to use such a simple re- 
laxation time approximation following the typical dia- 
grammatic technique. But, it is plainly wrong in the 
present context of microscopic derivation of vortex dy- 
namics based on force balance equation. Fortunately, a 
careful calculation of the vortex friction and its transverse 
force with disorders ranging from weak to strong was per- 
formed by Ao and Zhu 4 . No relaxation time approxima- 
tion is needed. The disorder effect can be directly taken 
into account. The Nozieres-Vinen and Bardeen-Stcphcn 
theories have been mathematically united in this work 4 . 
It is also a detailed implementation of the global topo- 
logical method 3 . One may now stop the use of erroneous 
relaxation time approximation in the derivation of vortex 
dynamics. 

B. Mixing with another effect 

The second type of mistake is very interesting. It has 
been claimed that there is a contribution from the nor- 
mal fluid which would cancel (or add to, depending on the 
interpretation) the large transverse force determined by 
the superffuid density (Sonin Soviet Phys. JETP,1976; 
Phys. Rev. B, 1997, documented in Ref.[5]). From the 
very beginning questions have been raised on the inter- 
pretation of the result and on the validity of various ap- 
proximations. For the clarity of the present discussion let 
us accept the view that the normal fluid can indeed be 
represented by phonons and that phonons scattering off a 
vortex can indeed be exactly mapped onto the Aharonov- 
Bohm scattering problem. 

It has been known at least since Aharonov and Bohm 
that such a scattering is periodic in magnetic flux. When 
transforming this result back into vortex dynamics, this 
means that the transverse force according to such phonon 
contributions is a periodic function of vorticity, com- 
pletely different from that of the transverse force repre- 
sented by the Magnus force 1,3 ' which is linear in vortic- 
ity. Hence the calculation of such phonon contributions is 
of a completely different kind. It corresponds to a differ- 
ent experimental condition. In fact, if we should conceive 
the similar situation of a vortex scattering of a supcrfluid 
island, a periodic dependence on the enclosed superfluid 
particle numbers has already been obtained by Ao and 
coworkers 7 as well as by many others. 

In the derivation of vortex dynamics by geometric 
phase computation, the phase vortex acquired is a con- 
tinuous distribution of the vortex trajectory, and the 
phase in the situation conceived by Sonin would be a 
discontinuous function. This difference explains that in 
the former case the transverse force is a linear function of 
the superfluid density while in the latter it is not. Those 
two situations should not be mixed. This difference is a 
fine manifestation of symmetry breaking for solutions of 



a symmetric Hamiltonian. 

C. Double counting the same topological effect 

The third mistake is the claim of the spectral flow 
canceling the Berry phase (Volovik, JETP Lett., 1993 
andl997, documented in both Rcf.[5] and [6]). This mis- 
take could be easily committed by anyone if not being 
careful and critical enough: There are two ways of cal- 
culating the topological contribution for the transverse 
force in fermionic supcrfluids: One is far from the vor- 
tex core. It is the method employed by Ao and Thou- 
less and further refined by Thouless, Ao, and Niu 3 . An- 
other is from the core, the spectrum flow, also related 
to the curvature or connection. They are equivalent ac- 
cording to Stokes theorem 8 . Hence they should not be 
used as different forces to cancel each other. As is now 
well established, the Magnus force is a manifestation of 
the Josephson- Anderson relation. It is worth mentioning 
that it has already been well known that for fermionic 
superfluids phase slippage of the Josephson relation is 
equivalent to the spectrum flow. 

It is perhaps also useful to point out that in modern 
physics there are several significant topological phenom- 
ena which can be computed in seemingly completely dif- 
ferent ways. A fine example is the transport in quantum 
Hall effect in condensed matter physics. There it is firmly 
established that the calculation of Hall conductance due 
to edge states is equivalent to one due to bulk states. 
In one particular experimental situation one type of cal- 
culation may be more straightforward. Nevertheless, no 
one would like to have those two calculations cancel each 
other in Hall conductance. 

The mistake of the spectral flow canceling the Berry 
phase is a double counting of the same effect. 

D. No extra Berry phase contribution at vortex core 

The fourth mistake is rather mysterious, perhaps asso- 
ciated with the difficulty in the understanding of the An- 
derson theorem in dirty superconductors. It was claimed 
(Feigelman, Geshkcnbein, Larkin, Vinokur, JETP Lett, 
1995, documented in Ref.[6] ) that there were two contri- 
butions to Berry phase, one far from the core, the same 
as that of Ao and Thouless, and an extra one from the 
vortex core, because the corresponding supcrfluid density 
would be finite at the point of phase singularity. The 
starting point to demystify this mistake is quantum me- 
chanics: At the phase singularity the wavefunction must 
be zero, hence the superfluid density at the core of the 
corresponding phase singularity must be zero. There is 
simply no extra Berry phase from the core because the 
corresponding supcrfluid density is zero. 

Let us analyze this mistake from two different levels 
of description: macro- and micro-scopic. On the level 
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of the phcnomcnological Ginzburg-Landau type descrip- 
tion, which is now believed to be valid for both clean and 
dirty superconductors, the superfluid density is obviously 
zero at the vortex core. Therefore, there is no extra con- 
tribution to the Berry phase. Now, a person familiar with 
Bardeen-Cooper-Schrieffer microscopic theory would say 
that this macroscopic description is an ovcrsimplication. 
The superfluid density is finite at the vortex core even 
for a super super clean superconductor. Indeed, the su- 
perfluid density is finite at the vortex core according to 
the Bardeen-Cooper-Schrieffer microscopic theory. The 
same microscopic theory also tells us that first, for this 
finite superfluid density at the vortex core there is no 
associated phase singularity, and, second, if there is a 
phase singularity associated with a quasiparticle state, 
its wavefunction is zero at this singularity, as would be 
expected from quantum mechanics. Hence, whether or 
not a finite density exists, there is no extra Berry phase 
from the vortex core. This is true for both super clean 
and dirty superconductors. 

III. MAGNUS FORCE AND 
JOSEPHSON-ANDERSON RELATION 

We have now explained that the microscopically de- 
rived independent vortex dynamics theories documented 
in Ref.[5] and [6] are all mathematically inconsistent. 
Even if the reader agrees with this strong conclusion, 
one important question still remains: the experimental 
evidence. 

There is actually already a substantial body of exper- 
imental supports for the works of Nozieres-Vinen and 
Bardeen and Stephen, as well as that by Ao and Thoulcss, 
and their coworkers. I use the word 'substantial' because 
there is a big group of eminent physicists, such as dis- 
cussed above, would not accept those experiments. Also, 
it is needless to say that further experiments are needed. 
Given this consideration, I mention here three important 
experiments. The first one is the classical experiment to 
establish the quantization of vorticity, assuming that the 
total transverse force is indeed proportional to the super- 
fluid density which can be measured by different means 9 . 
This experiment was published in 1961, and is a Joseph- 
son type experiment before Joscphson's predictions. The 
second type of experiment is a systematic measurement 
of the effect of a moving vortex, the Magnus force and 
its closely related Josephson(- Anderson) relation 10 . The 
third one is a direct measurement of transverse force of 
a moving vortex in a superconductor 11 . All those exper- 
iments clearly establish the large transverse force on a 
moving vortex. 



IV. HALL ANOMALY AND VORTEX MANY 
BODY EFFECT 

However, one may insist that the Hall anomaly still 
remains unexplained: How could the large transverse 
force lead to a small Hall angle, and, sometime to a sign 
change? The ingredients to explain the Hall anomaly 
are actually already implied in the works of Dirac and 
Abrikosov. 

Let us stand one step away from vortex dynamics and 
consider the Hall effect in semiconductors. The trans- 
verse force there, the Lorentz force, on a moving elec- 
tron is universal. There exist such extremely rich Hall 
phenomena in semiconductors: small Hall angle, sign 
change, Quantum Hall effect, etc. It would be puzzling 
that how could a universal Lorentz force generate such 
a complexity. Fortunately, this puzzle has long been 
solved: The competition between electron many body 
effect (Coulomb interaction, Fermi-Dirac statistics) and 
pinning (lattice, impurities, etc). The key to solve the 
puzzle is a logical extension of Dirac's idea of a void in a 
filled Fermi sea: the existence of holes in a filled energy 
band 12 . 

The ubiquitous existence of the Abrikosov lattice, the 
starting point of theoretical considerations in the mixed 
state of superconductors, already loudly suggests that 
one must consider vortex many body effect. Following 
this suggestion, it has been argued that the competition 
between vortex many body interaction and pinning can 
explain the Hall anomaly in the mixed state 13 . Start- 
ing from this idea, it is rather straightforward to work 
out quantitative predictions on the Hall anomaly, even 
with the simplest types of collective excitations in an 
Abrikosov lattice such as vacancies and interstitials: The 
scaling laws, the activation energies, the sign change, etc. 
More complicated many body effects are clearly possible 
to play a role. This vortex many body effect consid- 
eration is also consistent with the tremendous progress 
in the last 10 years in the explanation of the longitu- 
dinal resistance by vortex many body effect. This suc- 
cessful explanation of Hall anomaly clearly implies that 
the independent vortex dynamics model is not the only 
model for Hall anomaly and that the use of it to ex- 
plain Hall anomaly is physically inconsistent with both 
the Abrikosov lattice theory and the recent theoretical 
progress in vortex matter. We may further point out 
that the vortex many body effect-pinning model appears 
consistent with all major experimental observations on 
Hall anomaly. But, it has not been universally accepted 
yet. As a good sign, it turns out that two of the strong 
advocators of independent vortex dynamics theories al- 
ready believe the vortex many body effect can indeed 
lead to the sign change 14 . 
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V. A LESSON 

Thus, the vortex dynamics theory started by Nozieres 
and Vinen, by Bardeen and Stephen, and further devel- 
oped by Ao and Thouless, and their coworkers, works 
well. Four types of technical mistakes in those indepen- 
dent vortex dynamics summarized in Ref. [5] and [6] aim- 
ing to fit Hall anomaly data have been discussed above. 
For a reader not in the immediately related fields, the 
technical issues above are not particularly helpful. What 
other lessons can one learn? 

A generic lesson can indeed be learned. As discussed at 
the beginning, there are two opposite methods in theoret- 
ical physics research: emphasizing the logical consistency 
or emphasizing the direct hints from experiments. Both 
can and have lead to great successes. However, pushing 
each method to its extreme can also be very problem- 
atic. For example, in pushing his unified field theory for 
elementary particles, Heisenberg claimed to have a final 
theory for physics and the only job left to be done would 
be to work out the details. We note that more than 40 
years later string theorists are still busy and working hard 
on 'details' of different final theories. I am afraid that the 
major mistake made by those eminent researchers in their 
independent vortex dynamics theories on Hall anomaly 
is another extreme: In pushing those theories to fit Hall 
anomaly data, the mathematical consistency of their the- 
ories is greatly compromised. 60 years later we are still 
working hard on the foundation of vortex dynamics 15 . 

Is there a take-home rule on how to successfully use 
those two opposite methodologies? The fun and chal- 
lenge of practicing theoretical research, as well as its pit- 
fall, are that there is no ready formula for the right mix 
of two extremes. You can only find it out by getting 
your hands wet and dirty, preferably at the spot where 
the water is the roughest 16 . 
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